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In this paper we will study the Dirichlet problem, over a plane bounded 
region Q, for the system 
Au = v2 
Av = u2 (1) 
where u = vi > 0 and v = r++ > 0 on the boundary of !S. The specific 
interest is to prove that a positive solution exists and to establish some 
criterion for uniqueness. 
The system (1) has some physical interest and may also be viewed as an 
exceptional case of the nonlinear system posed in Ablow and Perry [l] for 
which a positive solution can be proved to exist and to be unique. 
A solution pair, (u, v), will be a pair of nonnegative, Holder continuous 
functions which satisfy (1) and the boundary conditions. We shall show 
that if two solution pairs have either component equal at one point of 9, 
then the solution pairs are equal everywhere in Q. 
LEMMA 1. If w = qo >, 0 on 8Q and satisfies, in 9, 
Aw =f, (2) 
with f > 0 over 0, f E P(Q), and ,f E C(@, then a unique positive solution 
exists for the associated Dirichlet problem. 
PROOF: Uniqueness of a solution to (2) is immediate. 
Let us assume-for the moment-that there exists a positive constant 7 
such that v > v > 0 on aQ. Let II, be a solution to the equatiQn 
Aum - fu,/u,,,-I = 0 (3) 
with u, = v on kX2 and Au, = 0. The Maximum Principle assures us that 
the coefficients are well-behaved for any m. 
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Subtraction of (3), for m 3 2, yields 
4% - %-1) -f&n - %-l)!%? = -f%I(%-1 - %-2)/Gl-1~,n-2 . 
(4 
Since ua - ur < 0, the Maximum Principle shows that {u,~} is a monotonic 
decreasing sequence. The convergence proof proceeds as in Courant and 
Hilbert [2], p. 371. 
The restriction v > 7 > 0 may be removed by considering a sequence of 
problems with qV = v + p-l with p + co. For each p we produce a positive 
solution and repeated application of the above convergence. 
THEOREM 1. If vi > 0 and X2 is suficiently smooth then a solution pair 
of (1) exists. 
PROOF: Let {urn} and (v,,}, m > 1, be defined as solutions to 
Au, = v’,,-, 
(5) 
Avn, 
2 = urn-1 9 
with u, = v1 , v, = ~a on aJ2 and u,, = v,, = 0. By Lemma 1, each u, and 
v, exists, is unique, and is nonnegative. 
Subtraction in (5) yields 
4,, - urn) = (v, - vndvm + vm-1) 
A(v,, - v,) = (urn - L~)(u, + urn-d 
(6) 
Since ur , vr are nonnegative, u2 - z~r < 0. The Maximum Principle shows 
that um+r - u, < 0, v,,,+r - v,, < 0 for m odd, and u,+~ - u, > 0, 
%+1 - v, > 0 for m even. 
Another subtraction in (5) yields 
‘4@4m+2 - %n) = (%+1 - %-1x%+1 + %-1) 
(7) 
44n+2 - %L) = (%+1 - ~m-*)hL+1 + &n-l)- 
Application of the Maximum Principle shows that {Us} and {vn,> are monotone 
decreasing for odd m and monotone increasing for even m. 
Proceeding as in Lemma 1 we establish the existence of at least one solution 
pair to (1). 
The analyticity of the solution and its uniqueness for circles of small 
radius has been proved in Ghermanesco [3], p. 509, for a general class of 
problems including the present one. A very general theorem on the analyticity 
of solutions was proved in Morrey [4], p. 218. The present problem allows 
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for easy verification of analyticity by repeated differentiation of the equation, 
application of the estimates of Schauder, and use of the inequality 
where II * II denotes the maximum of the absolute values, P E Q, 8(P) the 
distance from P to XZ?, and the last term in (8) is the Kellog estimate for the 
harmonic function assuming the values pi on 3Q. 
THEOREM 2. If (ul , VJ and (uz , VJ are two solution pairs and if there 
exists a P E Q such that ul(P) = ug(P) or zjl(P) = vz(P), the-n ul(P) = 
uz(P) and q(P) = v?(P) for every P E Q. 
PROOF: We observe that 
4, - 4 = (~1 - v2)h + ~2) 
(9) 
A(v, - VJ = (ul - uz)(ul + up). 
Since all functions are analytic we conclude that either the measure of the set 
of zero’s of u1 - ua and vi - va is zero or u1 = ua and vi = va over 52. 
Since (~1 -ua)(v,---va < 0, 1 u1 - ua 1 and I oi - va j are weak solutions 
of the equations Aw, = -1 vi - v, I(vi + vZ) and Aw, = -1 u1 - u2 I(ul + UJ 
with w1 = w2 = 0 on 3Q. By WeyZ’s Lemma (Hellwig [5], p. 182), the 
continuously differentiable solutions w1 and w, are such that 
2(‘1 = I 211 - up I 
“2 = I Vl - v2 I 
almost everywhere in G. Hence, I pi - ua I and I a, - va 1 are almost 
everywhere superharmonic. Since they are continuous, a theorem of Szpilrajn 
(Rad6 [5], p. 22) h s ows that they are everywhere superharmonic. 
If either w1 or wa is zero at any point of Sz, then its average value over a 
circle of radius r and center at the zero is also zero (Rado [6], p. 4). Hence 
the functions are zero everywhere as they are nonnegative. 
REMARKS 1. The above theorem shows that a uniqueness theorem is 
valid in the following sense: Let PE Sz and let Q be a positive constant. 
If there exists a solution pair such that u(P) = Q or v(P) = Q, then that 
solution pair is unique. 
2. The Maximum Principle for the Poisson equation shows that 
(I u1 - u2 11 < y . 11 v1 - zv2 11 < d4 I’ p1 ;. ‘I v2 ‘I 11 u1 - u2 (1 
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because any solution pair must satisfy the pointwise relation u < h, , z, < II, 
where the hi are the harmonic functions assuming the boundary values vi . 
Hence, if d”ll v1 I/ . I/ v2 II < 4, with d denoting the diameter of Q, we have the 
uniqueness of a solution pair. 
3. Let L,[w] be a linear operator given by 
L,[w] = a;jw,, + bj’zoU,j + cb, 
where the literal subscripts of w denote differentiation with respect to those 
variables, the coefficients are analytic functions of their arguments, and 
cz < 0 over Q. 
Let fi(w) be an analytic function of w such that fi(w) > 0 for all w and 
jr’(w) > 0 for all nonnegative w. 
Let L,[w] be uniformly elliptic operators. The Dirichlet problem for the 
system 
(1’) 
where u = q+ and v = v2 on 3.0, is more general that (1). Theorem 2, for the 
system (I’), becomes 
THEOREM 2’. If LE[hl] > 0 for 1 = 1, 2, if h, is the harmonic function 
assuming the values P)~ on aQ, and if two solution pairs have an equal component 
at just one point of Q, then the solution pairs are identical at every point of 52. 
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